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Table 1 Parameters β, γ, and b of gamma
distributions for u and v wind component

perturbation standard deviation σ

Wind component β, s/m γ b, m/s

u 12.13 12.43 0.42
v 6.89 5.31 0.90

where β and γ are estimated from sample statistics of σ for each
wind component and b is an empirically derived bias parameter that
ensures the best fit to the observed distribution7:

γ =
(

mean(σ − b)

stdev(σ − b)

)2

β = γ

mean(σ − b)
(7)

The values for β, γ , and b are listed in Table 1. The theoretical
cumulative gamma probability functions for wind component stan-
dard deviations (50–2000-m wavelength band) are derived by inte-
gration of Eq. (6) from a lower limit of zero to any desired value y
for σ .

The simulated wind component perturbation profiles are adjusted
such that the variation of component standard deviation as a func-
tion of altitude observed in the original sample of 518 high-pass
filtered Jimsphere wind component profiles is reproduced in the
simulated profiles.7 To address a concern that the high-pass filtered
wind component standard deviation illustrated can be unduly influ-
enced at high altitudes by Jimsphere tracking system noise and data
gaps, the standard deviations were also calculated from a sample
of 26 high-resolution Automated Meteorological Profiling System
(AMPS) wind profiles.8 The AMPS wind measurement error is not
sensitive to balloon azimuth and altitude because it is based on
global positioning system tracking for determination of balloon po-
sition and calculation of wind vectors along the balloon trajectory.
The standard deviations from this relatively small sample of AMPS
profiles obtained during a five-month period exhibit the same behav-
ior derived from the larger Jimsphere winter sample. The empirical
function derived from the Jimsphere sample also fits the AMPS
variation.7

The enhancement process is completed by adding a unique sim-
ulated wind component perturbation profile to each Rawinsonde
wind component profile that has been cubic-spline interpolated to
the same altitude interval (25 m) as the simulated profile.7

Summary
Detailed wind profiles that are statistically representative at a

selected launch site are a critical requirement in design studies to
establish vehicle structural integrity and program risk for vehicle
operations within the range of detailed wind-profile variability. A
methodology has been developed for simulation of wind-profile per-
turbations in a prescribed wavelength band. These perturbation pro-
files to wavelengths as small as tens of meters are appended to
statistically representative low-resolution Rawinsonde wind-profile
databases that are likely to be available at or near candidate launch
sites. The simulation process is based on the inverse transform of
the Fourier series having random components that define the PSD
and the uniformly distributed phase angles of the Fourier harmon-
ics. The PSD model for wind-profile perturbations is derived from
a large sample (518) of Jimsphere detailed wind profiles. Profiles
so derived are a reasonable choice for initial launch-vehicle design
studies. Once a launch site is selected, it would be prudent to es-
tablish a wind-profile measurement program based on Jimsphere or
its equivalent to obtain a statistically representative sample of de-
tailed wind profiles. As the development process continues toward
commitment to hardware production, the vehicle design originally
based on enhanced Rawinsonde profiles could be assessed with the
launch site high-resolution wind profiles.
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Introduction

I N many practical solid-rocket-motor design efforts, final geo-
metric designs for grains are arrived at using numerical layering

techniques. This process is geometrically versatile and imminently
practical for cases where small numbers of final geometries are con-
sidered. However, for a grain-design-optimization process where
large numbers of grain configurations must be considered, the gener-
ation of grids for each candidate design is often prohibitive. For such
optimization processes, analytical developments of burn perimeter
and port area for two-dimensional grains are critically important.1

Most modern rocket-propulsion texts do not provide geometric de-
tails for grain design.2,3

Analytical developments for solid-rocket-motor grains were
much more prevalent in the decades before widespread use of micro-
computers. A summary of one version of the burnback equations for
the star grain and for part of one type of wagon wheel can be found
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in Barrere et al.4 Analytical methods have also been developed for
the truncated star and for the dendrite.5 A more recent and compre-
hensive treatment of the topic was completed by Ricciardi for the
star grain and for the truncated star.6 Other potential grain configu-
rations are described with few details in NASA publications.7,8 The
treatment of the star grain by Ricciardi includes tapered grains and
both convex and concave star points with analysis for every phase
of burning.

Star grains, which can be modeled using Ricciardi’s equation
set, are common in booster motors; however, many tactical mis-
siles employ wagon-wheel grains and derivatives of wagon-wheel
grains. This Note expands on the work of Ricciardi by presenting
the development of analytical methods for these grains.

Long-Spoke Wagon Wheels
Wagon-wheel grain designs can include “spokes” of only one type

or spokes of two or more types. Wagon wheels with two different
sizes of spokes are commonly referred to as dendrites. If the spokes
burn out from the sides, the designs are referred to herein as “long-
spoke wagon wheels.” Wagon wheels in which the spokes burn out
from the ends are referred to as “short-spoke” designs. Figure 1
shows a sample of three different possible types of wagon wheels.
The first is a typical long-spoke wagon wheel, the second is a wagon
wheel configured as a dog bone, and the third is a dendrite.

The long-spoke wagon wheel designs have been developed and in-
cluded in one form in Barrere et al.4 Those results are summarized as
follows. To provide a lucid presentation of the wagon-wheel geom-
etry, a diagram showing the basic wagon-wheel layout is included
as Fig. 2. The star-grain geometry needs only six parameters for
a complete definition of the grain cross section. The wagon-wheel
grain requires the seven parameters shown in the diagram. In the de-
velopment of all of the relationships presented herein, the burning
of the grain is considered to be spatially uniform and it is assumed
that the regression of the grain is normal to the burning surface.

The wagon-wheel geometry is more restrictive than the star ge-
ometry because the spokes must not be allowed to overlap. If the
angle δ is defined as the angle between the central axis of the spoke
and the edge of the shoulder of the spoke, the relationship defining
tan(δ) can be written as

tan δ = Rp sin(πε/N ) − f

Ri + f/sin(θ/2) + Hy = 0/tan(θ/2)
(1)

where H is defined by

H = Rp sin(πε/N ) − y − f (2)

Fig. 1 Wagon-wheel designs: long-spoke, dog-bone, and dendrite.

Fig. 2 Long-spoke wagon-wheel geometry.

With these definitions, it is clear that δ of less than π/N prevents
spoke overlap.

The burn perimeter is constructed from two arcs and two line
segments as

S = 2N

×


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The port area for phase 1 burning can be constructed from two arcs
and a right triangle with the trapezoidal spoke area subtracted off:

Ap = 2N

×
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(4)

Phase 2 burning occurs when the spoke burns out (H = 0), in
which case

y ≥ Rp sin(πε/N ) − f (5)

For phase 2, the expression for the arc S1 is unchanged and both
segments S3 and S4 are zero. S2 is an arc of radius y + f and an
increasingly smaller angle φ. φ and the burn perimeter can be ex-
pressed as

φ = π

2
+ πε

N
− cos−1

[
Rp sin(πε/N )

y + f

]
(6)

S = 2N
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]
(7)

The port area for phase 2 is written as the sum of two arc sections
and a triangle:

Ap = N

×
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(8)

Phase 2 ends when the burning first reaches the case, that is, when

Rp + f + y > Ro (9)

Final-Phase Burning
The area remaining after the wall has been reached by the burn-

ing surface S1 can be labeled as phase 3 burning for the long-spoke
wagon wheel. The equations for that mode of burning are not well



J. SPACECRAFT, VOL. 41, NO. 4: ENGINEERING NOTES 691

Fig. 3 Final-phase burning.

developed in the literature and some attention is paid to that devel-
opment here. Figure 3 is a schematic diagram showing one method
for analyzing this segment of the burn.

Using straightforward trigonometry, the angles β and γ can be
represented as

β =
(

π

2
− θ

2
+ πε

N

)
(10)

γ = tan−1

[√
(y + f )2 − Rp sin(πε/N )2

Rp sin(πε/N )

]
− θ

2
(11)

Using the law of cosines, ξ can be determined as follows:

ξ = π − cos−1

[
− R2

o − R2
p − (y + f )2)

2Rp(y + f )

]
(12)

The burn perimeter, a section of an arc, becomes

S = 2N [(y + f )(β − γ − ξ)] (13)

The maximum burn distance that can occur can be arrived at using
the diagrams in Figs. 1 and 3 and may be expressed as

ymax =
√

[Ro − Rp cos(πε/N )] + [Rp sin(πε/N )] − f (14)

A convenient method for determining the port area for this phase is
to add an arc of angle µ, the arc section corresponding to the burning
segment, and a triangle through angle πε/N and then subtract a
triangle through angle µ. The angle µ must be determined first and
may be written, using the law of sines, as

µ = sin−1{[(y + f )/Ro] sin(π − ξ)} (15)

Collecting the areas then results in an expression for the port area:

Ap = N

×
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√
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]
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
(16)

Short-Spoke Wagon Wheel
The short-spoke wagon-wheel geometry has not previously been

developed in the literature. The geometric determination regarding
whether the spoke burns out from the sides or from the end can be
made with the aid of the diagram in Fig. 4. For the spoke to burn

Fig. 4 Short-spoke wagon wheel.

Fig. 5 Short-spoke wagon wheel, phase 2.

out from the sides, it must have a minimum height. This effectively
limits the value of the burn-perimeter segment S3, as shown in Fig. 4.
At the transition from long spoke to short spoke, an expression based
on the horizontal length from the center of the grain to the center of
the burning arc can be written as

Rp cos

(
πε

N

)
= Ri + f + Hy = 0

sin(θ/2)
= Ri + Rp sin(πε/N )

sin(θ/2)
(17)

For application of the long-spoke development, the following
requirement must be met:

Rp cos

(
πε

N

)
− Ri − Rp sin(πε/N )

sin(θ/2)
≥ 0 (18)

Otherwise, the wagon wheel is of the short-spoke type.
If S3 is below the minimum allowable length for the long-spoke

analysis, the parameters for phase 1 can be calculated exactly as for
the long spoke except that phase 1 will end when S3 goes to zero. A
phase 2 burn will then occur as depicted in Fig. 5. In this phase, S1 is
an arc as predicted earlier, S2 is an arc of radius y + f and angle φ,
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S3 is zero, and S4 is the remaining slanted face. Phase 2 will begin
for a burn distance of

web1 =
[

Rp cos
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N

)
− Ri − f

sin(θ/2)

− Rp sin(πε/N ) − f

tan(θ/2)

]
tan

(
π − θ/2

2

)
(19)

The analysis of this phase is dependent on h, which can be rep-
resented by

h =
[

Rp cos

(
πε

N

)
− Rp sin(πε/N )

tan(θ/2)
− Ri

]
sin

(
θ

2

)
(20)

α can then be calculated as follows. From Fig. 5, it is clear that

α = cos−1[1 − h/(y + f )] (21)

The angles are related to each other as follows:

β = θ/2 − α (22)

φ = π/2 + πε/N − β (23)

The length S2 can now be written as

s2 = (y + f )φ (24)

To obtain an expression for S4, the β triangle can be analyzed to
produce

s4 = [Rp sin(πε/n) − (y + f ) cos(β)]/ sin(θ/2) (25)

Finally, the burn perimeter for phase 2 of a short-spoke wagon
wheel is

S = 2N (S1 + S2 + S4) (26)

The port areas for phase 2 can be assembled as shown in Fig. 5.
The areas Ap1 , Ap2 , and Ap3 are arcs and triangles that can be

written as

Ap1 = 1
2 (Rp + f + y)2(π/N − πε/N ) (27)

Ap2 = 1
2 (y + f )2φ (28)

Ap3 = 1
2 R2

p sin(πε/N ) cos(πε/N ) (29)

The area Ap4 is a triangle of area

Ap4 = 1
2 (y + f )2 cos β sin β (30)

For the most general case, Ap5 should be constructed as a trapezoid
as follows:

Ap5 = [Rp sin(πε/N ) − (y + f ) cos β][(y + f ) sin β]

− 1
2 S2

4 sin(θ/2) cos(θ/2) (31)

The total port area for a short-spoke phase 2 burn can then be rep-
resented as

Ap = 2N (Ap1 + Ap2 + Ap3 + Ap4 + Ap5) (32)

For this type of wagon wheel, phase 2 will end when S4 goes to
zero, provided that the outer radius is large enough. This condition

for going to phase 3 would be

y = Rp sin(πε/N )

cos β
− f (33)

A closed-form solution for the web thickness for phase 2 can be
developed. At the end of phase 2, the following condition exists:

(y + f )2 = [Rp sin(πε/N )]2 + {Ri + [y + f / sin(θ/2)]

− Rp cos(πε/N )}2 (34)

This equation can be rearranged and written as a quadratic in
y + f

{[1/ sin(θ/2)]2 − 1}(y + f )2 + {2[Ri − Rp cos(πε/N )]/ sin(θ/2)}

× (y + f ) + {
[Rp sin(πε/N )]2 + [Ri − Rp cos(πε/N )]2

}= 0

(35)

The root using the negative term in the quadratic equation pro-
vides the physically appropriate solution for yend phase II + f . The
web thickness for phase 2 is then

web2 = (yend phase II + f ) − f − web1 (36)

Phase 3 for this configuration can be analyzed like phase 2 for
the long spoke and the final phase is the same as the final phase for
the long spoke. It should be noted that if h is negative, the geometry
is overconstrained. Such geometries can be represented by the star-
grain geometry if the θ/2 parameter is dropped and the six remaining
parameters are specified. Both geometries can be represented with
the same seven parameters if it is clear that the grain will be a star
if h is calculated to be negative.

Summary
Algebraic expressions such as those included in this Note rep-

resent the foundation of fast analysis for cylindrically perforated
solid-rocket-motor grains and combinations of grains. It should be
noted that all of the grains mentioned in this Note, except the den-
drite, could be represented by the same seven parameters, to be
adjusted by any optimization scheme, thereby allowing a tremen-
dous variety of cylindrically perforated grains. If care is taken to
maintain a constant web thickness in tapered grains, the equations
presented in this Note can be used to model tapered grains accu-
rately, provided that linear averages of geometrically similar cross
sections are taken between the two ends of the grain. The versatility
and speed with which grain geometries can be explored using this
more classical approach to grain design allow the parameter space
for motor design to be explored efficiently by design-optimization
algorithms.
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